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Abstract
We consider fluid/gravity correspondence in a general rotating black hole background with scalar
and electromagnetic fields. Using the method of Petrov-like boundary condition, we show that the
scalar and the electromagnetic fields contribute external forces to the dual Navier-Stokes equation
and the rotation of black hole induces the Coriolis force.
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I. INTRODUCTION
Fluid/gravity correspondence is one of the most interesting topics arose from studying the
surface effect of black hole horizon[1–4]. It gives an additional support to AdS/CFT corre-
spondence. After the pioneer works by Policastro, Starinets and Son [5–8], Bhattacharrya et
al. constructed the correspondence involving nonlinear effects of fluid [9–11] and Eling, Oz
et al. established the way of studying fluid/gravity correspondence by membrane paradigm
[12–15].
Based on the AdS/CFT correspondence, the variation of the boundary radius r cor-
responds to the RG flow of the dual field theory. In order to consider the behavior of
RG flow, Strominger et al. studied the fluid/gravity correspondence on a finite cutoff of
space-time [16, 17]. In [18], they developed a new method to consider the fluid/gravity cor-
respondence on horizon. The Petrov-like boundary condition provides enough constraints to
reduce the degrees of freedom of the gravitational perturbations to the degrees of freedom
of a fluid on Σc. By properly identifying the velocity and pressure of the fluid near horizon
to the corresponding perturbation terms in the Brown-York tensor, one is able to obtain the
Navier-Stokes equation on Σc from Gauss-Codazzi equation.
The method of using Petrov-like condition on a cutoff surface near horizon is a very
powerful way to study fluid/gravity correspondence. By using this method, one is able
to obtain the Navier-Stokes equation explicitly from Einstein equation in various space-
time backgrounds. For example, fluid/gravity correspondence with Chern-Simons term and
Gauss-Bonnet term were considered in [19], space-time coupled with scalar fields and electro-
magnetic fields were considered in [20, 21] and [22, 23], and Einstein-Dilaton-Axion theory
was considered in [24].
All the works mentioned above studied fluid/gravity correspondence under some specific
space-time backgrounds by choosing certain concrete metrics. In [25], general non-rotating
black holes in vacuum background have been studied using initial value formulation without
assuming any specific metric and Navier-Stokes equation of the incompressible fluid was
obtained. Recently, general rotating black holes in vacuum background was also studied
using similar method and an interesting effect was found that the angular momentum of
black hole causes a Coriolis force term in the dual fluid equation [26].
In this paper, we would like to study the effects caused by both matter fields and black hole
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rotation in fluid/gravity correspondence. One of the motivations to do this is that, based on
the basic idea of the previous works on holographic QCD [27–32] and holographic condensed
matter theories [33–35], the Einstein-Maxwell-scalar system in the bulk has been successfully
used to study the dual field theories at the boundary. Such models have been proved to
be very useful in gauge/gravity correspondence. The explicit question we want to ask here
is: how will Navier-Stokes equation be modified in general by those matter fields? For this
purpose, we will consider an Einstein-Maxwell-scalar system near an isolated horizon. We
find that the matter fields of scalar and electromagnetic fields only contribute external force
terms to the Navier-Stokes equation.
The paper is organized as follows: In section II, we introduce the action and equations
of motion of the Einstein-Maxwell-scalar system and express the components of the null
tetrad and metric of (p+ 2)-dimensional space-time by their initial data on the horizon. In
section III, we introduce a (p+ 1)-dimensional cutoff hypersurface Σc near the horizon and
calculate the constraints given by Petrov-like condition Clilj = 0 on Σc in near-horizon and
non-relativistic limit. We then apply the Petrov-like condition to Gauss-Codazzi equation to
get the Navier-Stokes equation in section IV. Section V includes conclusion and discussion
on our results comparing with other related works.
II. p+ 2-DIMENSIONAL SPACE-TIME SETUP
A. Einstein-Maxwell-scalar System
We consider a (p + 2)-dimensional space-time background with a complex scalar field
coupled to an electromagnetic field. The action is
S =
∫
dp+2x
√−g
[
R− 2Λ− 1
2
|Dφ|2 − 1
2
V (φ, φ∗)− 1
4
f(φ, φ∗)F abFab
]
, (2.1)
where Fab is the field strength of the Maxwell field Aa, f(φ, φ
∗) is the gauge kinetic function
and V (φ, φ∗) is the potential of the scalar field φ. The field strength Fab and covariant
4
derivative Da are defined as
Fab = ∂aAb − ∂bAa, (2.2a)
Da = ∇a − ieAa, (2.2b)
with the complex scalar field φ carrying charge (−e). In this paper, we will use different
notations for different kinds covariant derivatives : ∇ denotes the covariant derivative in
(p+2)-dimensional space-time, ∇¯ denotes the covariant derivative on the (p+1)-dimensional
time-like boundary Σc and ∇˜ denotes the covariant derivative on the p-dimensional section
Sp.
Varying the Einstein-Maxwell-scalar action (2.1) with the fields of φ, φ∗, Aa, and the
metric gab, respectively, we obtain the equations of motion of each fields as
0 =D2φ− ∂V
∂φ∗
− 1
2
∂f
∂φ∗
F 2 = D2φ∗ − ∂V
∂φ
− 1
2
∂f
∂φ
F 2, (2.3a)
0 =Db(fFab) + ie
(
φ∗Daφ− φD∗aφ∗
)
, (2.3b)
0 =Rab −
(
1
2
R− Λ
)
gab − 1
2
(Daφ)
∗(Dbφ)− f
2
FacF
c
b +
1
4
gab
(
|Dφ|2 + V + f
2
F 2
)
. (2.3c)
The Ricci scalar and Ricci tensor become
R =
2(p+ 2)
p
Λ +
(p+ 2)
2p
V +
1
2
|Dφ|2 + (p− 2)
4p
fF 2, (2.4)
and
Rab = Λ
′gab + Jab, (2.5)
where we have defined
Λ′ =
8Λ + 2V − fF 2
4p
, Jab =
1
2
(Daφ)
∗(Dbφ) +
f
2
FacF
c
b . (2.6)
We can solve the equations of motion order by order by expanding the fields φ and Aa with
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small r,
φ(t, r, xi) = φ(0)(t, x
i) +
∑
k=1
1
k!
φ(k)(t, x
i)rk, (2.7a)
Aa(t, r, x
i) = Aa(0)(t, x
i) +
∑
k=1
1
k!
Aa(k)(t, x
i)rk, (2.7b)
with φ(0)(t, x
i) and Aa(0)(t, x
i) are the initial data at r = 0. We can use equations of motion
(2.3) to express the coefficients of the higher order terms φ(k) and Aa(k) in terms of the initial
data φ(0)(t, x
i) and Aa(0)(t, x
i), although these higher order terms will not contribute to the
Navier-Stokes equation.
B. Newman-Penrose Tetrad and Metric
The fluid/gravity correspondence of general black holes in a vacuum space-time back-
ground has been studied in [25]. It was shown that, in near-horizon limit and non-relativistic
limit, one is able to obtain Navier-Stokes equation describing an incompressible fluid on
the hypersurface. Now we are going to study the Navier-Stokes equation in the (p + 2)-
dimensional space-time background introduced above.
We choose the black hole horizon to be an “Isolated Horizon (IH)”. According to [36],
the definition of an Isolated Horizon is :
Definition 1 (Isolated Hoizon in (p + 2 )-dimensional space-time)
Let (M, g) be a (p+2)-dimensional space-time. H is a (p+1)-dimensional null sub-manifold
in (M, g) and l is the future-directed null normal of H. H is called a isolated horizon if
(1) H is diffeomorphic to the product Sp × ℜ, where Sp is a p-dimensional space-like
manifold, and the fibers of the projection
Π : Sp × ℜ → Sp
are null curves in H;
(2) the expansion of l vanishes everywhere on H, i.e. ∇ala = 0 on H;
(3) the stress-energy tensor Tab is such that −Tabl b|H is future-directed causal for any future-
directed null vector la and all field equations and Einstein equation hold in a neighbourhood
of H;
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(4) let D denote the induced connection on H, [Ll,D]=ˆ0.
To describe the geometry of null hypersurface near the horizon, we introduce the Bondi-
like coordinate system. We use the null tetrad of the Newman-Penrose formalism {n, l, EI}
with I = 1, 2, · · · , p and the coordinates (t, r, xi) with i = 1, 2, · · · , p. The inner product of
the null tetrad is
〈n, l〉 = 〈l, n〉 = 1, (2.8a)
〈EI , EJ〉 = δIJ , (2.8b)
Otherwise = 0. (2.8c)
Follow the same Bondi gauge and the Bondi-like coordinates (t, r, xi) near horizon used in
[25, 26], we have
∇n(n, l, EI) = 0, (2.9)
with t is the parameter of the null generator la of H, xi are the coordinates of Sp and r is
the affine parameter of na which is the null tetrad orthogonal to la and EaI . One can choose
the null tetrad as,
na = (∂r)
a, (2.10a)
la = (∂t)
a + U(∂r)
a +X i(∂i)
a, (2.10b)
EaI =WI(∂r)
a + eiI(∂i)
a, (2.10c)
where, (U,X i,WI , e
i
I) are functions of (t, r, x
i) and Uˆ = Xˆ i = WˆI = 0 with
“ˆ” denoting the initial value on the horizon H.
The metric is
gab = nalb + lanb + EaIE
b
I , (2.11)
gives
gµν =


0 1 0
1 2U +WIWI X
i +WIe
i
I
0 Xj +WIe
j
I e
i
Ie
j
I

 , (2.12)
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and
gµν =


−grr + gijgrigrj 1 −gijgri
1 0 0
−gijgrj 0 gij

 . (2.13)
We define the spin connections of Newman-Penrose formalism using the null tetrad,
αI = −〈l,∇In〉, πI = 〈EI ,∇ln〉,
ǫ = 〈n,∇ll〉, θ′JI = 〈EJ ,∇In〉.
(2.14)
ǫ|H is the surface gravity of H and is a constant. By Bondi gauge, it is easy to see that,
αI = −πI , (2.15)
where πI is related to the angular momentum of the horizon.
C. Components of the Metric
To solve the evolution of the horizon, we need to know cert initial data including the
spin coefficients on H, the Weyl tensor on H, and the metric of p-sphere Sp on H. Other
physical quantities near horizon can be expressed by these initial data.
First, we expand the metric in small r near horizon and express the coefficients by the
initial data on H. The leading order metric in r can calculated by using the first Cartan
structure equation,
[n,EI ] =∇nEI −∇In = −∇In
=− 〈n,∇In〉la − 〈l,∇In〉na − 〈EJ ,∇In〉EJa
=(∂rWI)(∂r)
a + (∂re
i
I)(∂i)
a, (2.16)
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and
[n, l] = ∇nl −∇ln = −∇ln
= −〈l,∇ln〉na − 〈n,∇ln〉la − 〈EI ,∇ln〉EaI
= (∂rU)(∂r)
a + (∂rX
i)(∂i)
a. (2.17)
Therefore, we have the first derivative of the coefficients of metric,
∂rU = ǫ− πIWI , (2.18a)
∂rX
i = −πIeiI , (2.18b)
∂rWI = αI − θ′JIWJ , (2.18c)
∂re
i
I = −θ′JIeiJ . (2.18d)
The second Cartan equation gives us,
∂rǫ = Rnlnl − αIπI , (2.19a)
∂rπI = RnlIn − πJθ′IJ , (2.19b)
∂rαI = RnInl − αJθ′JI , (2.19c)
∂rθ
′
JI = RnIJn − θ′KIθ′JK . (2.19d)
Then, by taking the derivative with respect to r of equation (2.18) and using the equation
(2.19), we get,
∂2rU = Rnlnl − αIπI − (RnlIn − θ′IJπJ)WI − (αI − θ′JIWJ)πI , (2.20a)
∂2rWI = RnInl − αJθ′JI − (RnIJn − θ′JKθ′KI)WJ − (αJ − θ′KJWK)WJ , (2.20b)
∂2rX
i = (RnInl + θ
′
IJπJ)e
i
I + (θ
′
JIe
i
J)πI , (2.20c)
∂2r e
i
I = (RnInJ + θ
′
JKθ
′
KI)e
i
J + (θ
′
JIe
i
J)θ
′
JI . (2.20d)
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Using the above equations and the fact that πI = −αI and Uˆ = WˆI = Xˆ i = 0, we obtain,
U =ǫˆr +
1
2
(Rˆnlnl + 2|πˆ|2)r2 +O(r3), (2.21a)
WI =− πˆIr + 1
2
(RˆnInl + 2θˆ
′
IJ πˆJ)r
2 +O(r3), (2.21b)
X i =− πˆI eˆiIr +
1
2
(RˆnInleˆ
i
I + 2θˆ
′
IJ πˆI eˆ
i
J)r
2 +O(r3), (2.21c)
eiI =eˆ
i
I − θˆ′IJ eˆiJr +
1
2
(RˆnInJ eˆ
i
J + 2θˆ
′
IJ θˆ
′
JK eˆ
i
K)r
2 +O(r3), (2.21d)
which lead to the following metric,
gtr = 1, (2.22a)
grr = 2ǫˆr + (Rˆnlnl + 3|πˆ|2)r2 +O(r3), (2.22b)
gri = −2πˆI eˆiIr + (RˆnInleˆiI + 3θˆ′IJ πˆI eˆiJ)r2 +O(r3), (2.22c)
gij = eˆiI eˆ
j
I − 2θˆ′IJ eˆiI eˆjJr + (RˆnInJ eˆiI eˆjJ + 3θˆ′IK θˆ′JK eˆiI eˆjJ)r2 +O(r3), (2.22d)
and
gtt = −2ǫˆr − (Rˆnlnl − |πˆ|2)r2 +O(r3), (2.23a)
gtr = 1, (2.23b)
gti = 2πˆI eˆ
j
I gˆijr − (RˆnInleˆjI gˆij − θˆ′IJ πˆI eˆjJ gˆij)r2 +O(r3), (2.23c)
gij = gˆij + 2θˆ
′
IJ eˆ
k
I eˆ
m
J gˆikgˆjmr +O(r
2). (2.23d)
III. p+ 1-DIMENSIONAL CUTOFF HYPERSURFACE
A. Induced Metric and Extrinsic Curvature
Brown-York tensor on the hypersurface Σc := {p ∈M |r(p) = rc} is related to the extrinsic
curvature of Σc, so we will define a normal covector to calculate the extrinsic curvature first.
The normal covector is defined as
Na =
1√
grr
(dr)a, (3.1)
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where
1√
grr
=
1√
2ǫˆ
r−
1
2 − (Rˆnlnl + 3πˆ
2
I )
4ǫˆ
√
2ǫˆ
r
1
2 +O(r
3
2 ). (3.2)
The normal vector is
Na =
1√
grr
(∂t)
a +
√
grr(∂r)
a +
gri√
grr
(∂i)
a. (3.3)
With the normal vector, we can calculate the induced metric
hab = gab −NaN b, hab = gachcb, (3.4)
with
htt = 1, (3.5a)
htr = −
1
2ǫˆr
+
(Rˆnlnl + 3|πˆ|2)
4ǫˆ2
+O(r), (3.5b)
hir =
πˆI eˆ
i
I
ǫˆ
− 1
2ǫˆ
[
RˆnInleˆ
i
I + 3θˆ
′
IJ πˆI eˆ
i
J +
πˆK eˆ
i
K
ǫˆ
(Rˆnlnl + 3|πˆ|2)
]
r +O(r2), (3.5c)
hij = δ
i
j . (3.5d)
The extrinsic curvature of Σc is
Kab =
1
2
LNhab = − 1√
grr
Γrab, (3.6)
where a, b run through t, xi on Σc. Since Kab is the tensor on Σc, we use the induced metric
hab to raise its index to get,
Ktt =
√
ǫˆ
2
r−
1
2 +
β√
2ǫˆ
r
1
2 +O(r
3
2 ), (3.7a)
Kti =−
πˆI eˆ
j
I gˆij√
2ǫˆ
r−
1
2 +
ψˆi
(2ǫˆ)
3
2
r
1
2 +O(r
3
2 ), (3.7b)
Kij =
ξij√
2ǫˆ
r
1
2 +O(r
3
2 ), (3.7c)
K =
√
ǫˆ
2
r−
1
2 +
(β + ξ)√
2ǫˆ
r
1
2 +O(r
3
2 ), (3.7d)
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where
β =
1
4
(3Rˆnlnl + |πˆ|2), (3.8a)
ψˆi =−
{
1
2
∇˜i(Rˆnlnl − |πˆ|2) + 2πˆj
[
∇˜iπˆj − ∇˜j πˆi
]
− 2ǫˆ(RˆnInleˆjI gˆij − θˆ′IJ πˆI eˆjJ gˆij)−
1
2
πˆi(Rˆnlnl + 3|πˆ|2)
}
, (3.8b)
ξij =− 2gˆik∇˜(j πˆk) + 2πˆiπˆj + 2ǫˆθˆ′IJ eˆiI eˆmJ gˆjm, (3.8c)
ξ =hijξij , (3.8d)
and
πˆi = πˆI eˆ
j
I gˆij, πˆ
i = πˆI eˆ
i
I . (3.9)
Note that the derivative with respect to t vanishes on H.
B. Brown-York Tensor in Near Horizon and Non-Relativistic Limit
According to the method proposed by [18], we need to apply the Petrov-like condition
Cµνρσl
µEνi l
ρEσj |Σc = 0 on the hypersurface and take the near horizon and non-relativistic
limit of Σc to get the Navier-Stokes equation. To do so, we introduce a rescaling parameter λ
and define a new time coordinate τ = 2ǫˆλ2t. We also choose the radius of Σc to be rc = 2ǫˆλ
2.
The Brown-York tensor is
t
a(B)
b = Kh
a
b −Kab , (3.10)
where t
a(B)
b is the Brown-York tensor of the background. After fixing r = rc and changing
(t, xi) to (τ, xi), t
a(B)
b can be expressed in λ as,
tτ(B)τ =ξλ+O(λ
3), (3.11a)
t
τ(B)
i =πˆiλ+O(λ
3), (3.11b)
ti(B)τ =O(λ), (3.11c)
t
i(B)
j =
1
2λ
δij +
[
(β + ξ)δij − ξij
]
λ+O(λ3), (3.11d)
t(B) =
p
2λ
+ p(β + ξ)λ+O(λ3). (3.11e)
12
Adding perturbations to Brown-York tensor,
tab = t
a(B)
b +
∑
k=1
t
a(k)
b λ
k, (3.12)
we obtain
tττ =
[
ξ + tτ(1)τ
]
λ+O(λ2), (3.13a)
tτi =
[
πˆi + t
τ(1)
i
]
λ+O(λ2), (3.13b)
tiτ =− gˆijtτ(1)j λ−1 +O(λ), (3.13c)
tij =
1
2λ
δij +
[
(β + ξ)δij − ξij + ti(1)j
]
λ+O(λ2), (3.13d)
t =
p
2λ
+
[
p(β + ξ) + t(1)
]
λ+O(λ2), (3.13e)
tτj =
[
πˆj + t
τ(1)
j
]
λ−1 +O(λ), (3.13f)
tττ =
[−(ξ + tτ(1)τ )− 2πˆmtτ(1)m ]λ−1 +O(λ), (3.13g)
tij =
1
2
gˆijλ
−1 +O(λ). (3.13h)
We also add the perturbation terms to φ and Aa as for Brown-York tensor:
φ =φ(0) + φ
P (1)λ+
[
2ǫˆφ(1) + φ
P (2)
]
λ2 +O(λ3), (3.14a)
Aa =Aa(0) + A
P (1)
a λ+
[
2ǫˆAa(1) + A
P (2)
a
]
λ2 +O(λ3), (3.14b)
and
Jab =Jab(0) + J
P (1)
ab λ+
[
Jab(1) + J
P (2)
ab
]
λ2 +O(λ3), nn (3.15)
Λ′ =Λ′(0) + Λ
′P (1)λ+O(λ2), (3.16)
where J
P (k)
ab and Λ
′
(0) are perturbation terms. Here we only perturb φ field and Aa field with
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the metric unperturbed. Then using Eq.(2.5), we have the components of Ricci tensor
Rττ =− Λ′(0)λ−2 − Λ′P (1)λ−1 +O(1), (3.17a)
Rτr =
Λ′(0)
2ǫˆ
λ−2 +
Λ′P (1)
2ǫˆ
λ−1 +O(1), (3.17b)
Rτi =
[
2Λ′(0)πˆi + Jτi(0)
]
+
[
2Λ′P (1)πˆi + J
P (1)
τi
]
λ+O(λ2), (3.17c)
Rij =
[
Λ′(0)gˆij + Jij(0)
]
+
[
Λ′P (1)gˆij + J
P (1)
ij
]
λ+O(λ2), (3.17d)
Rrr =Jrr(0) + J
P (1)
rr λ+O(λ
2), (3.17e)
Rri =Jri(0) + J
P (1)
ri λ+O(λ
2), (3.17f)
R =R(0) +O(λ), (3.17g)
where
R(0) =
2(p+ 2)
p
Λ +
(p+ 2)
2p
(V )(0) +
1
2
(|Dφ|2)(0) + (p− 2)
4p
(fF 2)(0). (3.18)
C. Petrov-like Condition
Now, we are going to calculate the Petrov-like condition on the hypersurface Σc. The
Petrov-like condition is
lµEνi l
ρEσj Cµνρσ|Σc = Clilj|Σc = 0. (3.19)
From the tetrad and normal vector defined in the last section, we have
la =
U√
grr
Na + 2ǫˆλ2
(
1− U
grr
)
(∂τ )
a +
(
X i − Ug
ri
grr
)
(∂i)
a, (3.20)
and the Petrov-like condition becomes
0 =
[
U2
grr
CNiNj +
(
1− U
grr
)2
Cτiτj +
U√
grr
(
1− U
grr
)
(CNiτj + CNjτi)
+
U√
grr
(
Xk − Ug
rk
grr
)
(CNikj + CNjki)
+
(
Xk − Ug
rk
grr
)(
Xm − Ug
rm
grr
)
Ckimj
+
(
1− U
grr
)(
Xk − Ug
rk
grr
)
(Cτikj + Cτjki)
]
Σc
. (3.21)
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Note that Riemann tensor can be expressed by Weyl tensor and Ricci tensor as,
Rabcd = Cabcd +
1
p
(gacRbd + gbdRac − gadRbc − gbcRad)− R
p(p+ 1)
(gacgbd − gadgbc). (3.22)
From Gauss’s equation, we know the Riemann curvature of the (p + 1)-dimensional hyper-
surface embedded in the (p + 2)-dimensional space-time can be expressed in terms of the
Riemann curvature and the extrinsic curvature of the (p + 2)-dimensional space-time as
follows,
hαah
β
b h
γ
ch
δ
dRαβγδ = R¯abcd −KacKbd +KadKbc, (3.23a)
hαah
β
b h
γ
cN
δRαβγδ = ∇¯aKbc − ∇¯bKac, (3.23b)
hαaN
βhγbN
δRαβγδ = −R¯ab +KKab −KacK cb , (3.23c)
where greek indices denote the coordinate (τ, r, xi) in (p + 2)-dimensional space-time and
latin indices denote the coordinate (τ, xi) on the (p+ 1)-dimensional hypersurface Σc. “∇¯”
is the covariant derivative on (p + 1)-dimensional hypersurface Σc. “R¯abcd” and “R¯ab” are
the Riemann tensor and the Ricci tensor of Σc which can be calculated by induced metric
hab. From these two equation we have
hαah
β
b h
γ
ch
δ
dCαβγδ =R¯abcd −KacKbd +KadKbc
−
[
1
p
(hach
α
b h
β
dRαβ + hbdh
α
ah
β
cRαβ − hadhαb hβcRαβ − hbchαahβdRαβ)
− R
p(p+ 1)
(hachbd − hadhbc)
]
, (3.24a)
hαah
β
b h
γ
cN
δCαβγδ =∇¯aKbc − ∇¯bKac
− hαahβb hγcN δ
[
1
p
(gαγRβδ + gβδRαγ − gαδRβγ − gβγRαδ)
− R
p(p+ 1)
(gαγgβδ − gαδgβγ)
]
, (3.24b)
hαaN
βhγbN
δCαβγδ =− R¯ab +KKab −KacKcb + hαahγbRαγ
− hαahγbNβN δ
[
1
p
(gαγRβδ + gβδRαγ − gαδRβγ − gβγRαδ)
− R
p(p+ 1)
(gαγgβδ − gαδgβγ)
]
. (3.24c)
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Substituting the Weyl tensor (3.24) into Petrov-like condition (3.21) and using
Kab =
t
p
hab − tab (3.25)
to rewrite the extrinsic curvature in terms of Brown-York tensor, we obtain
0 =
U2
grr
{
t
p
tij − tictcj −
t
p
hiτ tτj + h
iτ tτct
c
j − R¯qjhiq + hiqhαq hγjRαγ
− hiqhαq hγjNβN δ
[
1
p
(gαγRβδ + gβδRαγ − gαδRβγ − gβγRαδ)− R
p(p+ 1)
(gαγgβδ − gαδgβγ)
]}
+ 4ǫˆ2λ4
(
1− U
grr
)2{
−hττ ( t
2
p2
hij −
t
p
tij) +
t
p
hijtττ − tττ tij + tτjtiτ + R¯τqτjhiq
−
[
1
p
hiq
(
hττh
α
j h
β
qRαβ + hjqh
α
τ h
β
τRαβ − hτjhατ hβqRαβ − hτqhατ hβjRαβ
)
− R
p(p+ 1)
hiq(hττhjq − hτjhτq)
]}
+ 2ǫˆλ2
U√
grr
(
1− U
grr
){
hiq
[
hτqDj
t
p
+ hτj∇¯q t
p
− 2hjq∇¯τ t
p
− ∇¯jtτq − ∇¯qtτj + 2∇¯τ tjq
]
− hiqhαj hβτhγqN δ
[
1
p
(gαγRβδ + gβδRαγ − gαδRβγ − gβγRαδ)− R
p(p+ 1)
(gαγgβδ − gαδgβγ)
]
− hiqhαq hβτhγjN δ
[
1
p
(gαγRβδ + gβδRαγ − gαδRβγ − gβγRαδ)− R
p(p+ 1)
(gαγgβδ − gαδgβγ)
]}
.
(3.26)
Focusing on the first nonzero order O(λ2) and neglecting the higher order terms in λ, we
have
U√
grr
=ǫˆλ+
ǫˆ
2
(
Rˆnlnl + |πˆ|2
)
λ3 +O(λ5), (3.27a)
1− U
grr
=
1
2
+
1
2
|πˆ|2λ2 +O(λ4), (3.27b)
Xk − Ug
rk
grr
=2ǫˆ2
(
θˆ′IJ πˆI eˆ
k
J −
|πˆ|2
ǫˆ
πˆk
)
λ4 +O(λ6). (3.27c)
After some strait-forward calculations, the O(λ2) terms of Petrov-like condition is obtained,
t
i(1)
j =− 2gˆik∇˜(jtτ(1)k) + 2gˆimtτ(1)m
(
πˆj + t
τ(1)
j
)
− 2gˆik∇˜(j πˆk) + t
(1)
p
δij
+ ξij − R˜ij +
[
Λ′(0)δ
i
j + gˆ
iqJjq(0)
]
. (3.28)
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Here ∇˜ is the covariant derivative on p-dimensional section Sp and R˜ij is the Ricci tensor on
the p-dimensional sphere Sp in (p+1)-dimensional hypersurface Σc which can be calculated
from the metric gˆij, i, j = 1 · · ·p. Now we see that the higher order terms of φ field and Aa
field do not contribute any effect.
IV. FROM PETROV-LIKE CONDITION TO NAVIER STOKES EQUATION
To get the Navier-Stokes equation, we will substitute Eq.(3.28) into Gauss-Codazzi equa-
tion. First, we calculate the Gauss-Codazzi equation,
∇¯atab = 0. (4.1)
Writing the components explicitly we have:
∇¯τ tττ + ∇¯itiτ = 0. (4.2)
The equation in order (1/λ) reads
0 = −∇˜i(gˆijtτ(1)j ), (4.3)
which tells us that, if we identify t
τ(1)
j to be the velocity vj , the fluid is incompressible. The
other components are:
∇¯τ tτi + ∇¯jtji = 0. (4.4)
The equation in order λ reads,
0 =∂τ t
τ(1)
i − 2tτj(1)∇˜(iπˆj) − 2tτj(1)∇˜[iπˆj]
− ∇˜jξji + ∇˜i(β + ξ)−
1
4
∇˜i(Rˆnlnl − |πˆ|2)
+ ∇˜jtj(1)i , (4.5)
From Gaussian equation,
R¯ +KabKab −K2 = 0, (4.6)
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the zeroth order of λ gives us,
tτ(1)τ = −2gˆijtτ(1)i tτ(1)j − 2πˆitτ(1)i − ξ + R˜. (4.7)
It’s the Hamiltonian constraint in the energy-momentum for the corresponding fluid. Thus
it is natural to consider the corresponding as,
t
τ(1)
i ←→
1
2
vi,
t(1)
p
←→ P
2
. (4.8)
Substituting equation (3.28) into equation (4.5) and by the correspondence, we have
0 =
1
2
∂τvi +
1
2
∇˜iP + 1
2
vj∇˜jvi − 1
2
∇˜k∇˜kvi − 1
2
R˜imv
m − 2vj∇˜[iπˆj] − 2∇˜k∇˜(iπˆk)
− ∇˜jR˜ji + ∇˜i(β + ξ)−
1
4
∇˜i(Rˆnlnl − |πˆ|2)
+
[
∇˜iΛ′(0) + gˆjq∇˜jJiq(0)
]
. (4.9)
From the constraint equation of spin-connections of IH derived in [36], 2ǫˆθˆ′IJ can be written
as,
2ǫˆθˆ′II = −∇˜kπˆk + 2|πˆ|2, (4.10)
and
Rˆnlnl = Cˆnlnl − 2
p
Rˆnl +
Rˆ
p(p+ 1)
= Cˆnlnl − 2
p
Λ′(0) +
R(0)
p(p+ 1)
. (4.11)
Using Eq.(3.8), we have
0 =
1
2
∂τvi +
1
2
∇˜iP + 1
2
vj∇˜jvi − 1
2
∇˜k∇˜kvi − 1
2
R˜imv
m − 2vj∇˜[iπˆj]
− 2∇˜k∇˜kπˆi − 2R˜imπˆm − ∇˜jR˜ji +
1
2
∇˜i
(
Cˆnlnl + 9|πˆ|2 − 8∇˜jπˆj
)
+
[
(p− 1)
p
∇˜iΛ′(0) + gˆjq∇˜jJiq(0) +
1
2p(p+ 1)
∇˜iR(0)
]
. (4.12)
This is the Navier-Stokes equation of incompressible fluid with rotation and external force
terms. The last term in the first line is the Coriolis force term. The terms in the third line
of equation (4.12) are external force terms caused by the scalar field and electromagnetic
field.
To be clearer, we consider the case that the p-dimensional geometry described by gˆij is
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flat, which implies that R˜ij = 0. Furthermore, if we take p = 3 and define the angular
velocity of the reference frame as,
Ω = ∇˜ × πˆ, (4.13)
the Eq.(4.12) along with Eq.(4.3) becomes
0 =∇˜ · v, (4.14a)
0 =∂τv + v · ∇˜v + ∇˜P − ∇˜2v + 2Ω× v + f , (4.14b)
with the external force term being
fi =− 4∇˜2πˆi − 8∇˜i(∇˜ · πˆ) + ∇˜i(Cˆnlnl + 9|πˆ|2)
+
1
48
∇˜i|Dφ|2(0) +
1
2
∇˜j
[
(Diφ)
∗(Djφ)
]
(0)
+
7
48
∇˜iV (φ, φ∗)(0)
− 5
96
∇˜i
(
f(φ, φ∗)F 2
)
(0)
+
1
2
∇˜j
(
f(φ, φ∗)FicF
jc
)
(0)
. (4.15)
We note that, to calculate the first two terms in the second line of Eq.(4.15) we have to
know the gauge field Aa(0). The true physical initial data on the horizon is Fab(0). Similar
to the analysis in [37], Aa(0) can be fixed from Fab(0) by choosing a proper gauge.
V. CONCLUSION AND DISCUSSION
In this paper, we showed that the effects on the dual fluid by adding the scalar and
electromagnetic fields into a space-time background are due to non-zero Ricci tensors de-
termined by Einstein equation. If we turn off φ, Fab and πI , which means we restrict our
case to a non-rotating black hole in a vacuum space-time, Eq.(4.12) reduces to the standard
Navier-Stokes equation which agrees with the result in [25]. If we only consider the rotation
of black hole, our result agrees with the Navier-Stokes equation in [26].
In [20], the authors considered a spherical symmetric metric with a φ field, which becomes
a constant on the horizon, and concluded that the scalar field does not contribute to the
external force in the dual fluid. However in our case, we do not demand the spherical
symmetry of the space-time and the scalar field is not isometric on the horizon. Therefore,
the scalar field indeed implies the external force in Eq.(4.15)
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On the other hand, if we only consider the electromagnetic field and set f(φ, φ∗) = 1, the
form of the external force terms we obtained agrees with that of the magnetohydrodynamics
equations in [23].
There are still some interesting problems need to be considered. From Eq. (4.12), we can
see that the perturbation terms of the matter fields have no influence on the Navier-Stokes
equation in O(λ2) terms of Gauss-Codazzi equation. If we consider higher order terms,
maybe more non-linear effects can be seen. Until now, all dual fluid equation on horizon are
incompressible, so one can not see the bulk viscosity effect of the dual fluid. Is it possible
to get a hydrodynamics equation of compressible fluid if we choose some other kinds of
boundary conditions ? We hope to address these questions in our future research.
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